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In many extensions of the SM, neutral massive stable particles (dark matter candidates) are
produced at colliders in pairs due to an exact symmetry called a “parity”. These particles escape
detection, rendering their mass measurement difficult. In the pair production of such particles via a
specific (“antler”) decay topology, kinematic cusp structures are present in the invariant mass and
angular distributions of the observable particles. Together with the end-points, such cusps can be
used to measure the missing particle mass and the intermediate particle mass in the decay chain.
Our simulation of a benchmark scenario in a Z′ supersymmetric model shows that the cusp feature
survives under the consideration of detector simulation and the standard model backgrounds. This
technique for determining missing particle masses should be invaluable in the search for new physics
at the LHC and future lepton colliders.
PACS numbers: 11.80.Cr, 12.60.-i, 14.80.-j
I. INTRODUCTION
Pauli’s postulation of a new particle that escapes from
detection and carries away energy and angular momen-
tum in β decay not only laid out the foundation for the
weak interaction, but also rightfully introduced the first
dark matter particle, the neutrino. Ever since then, at-
tempts to determine the masses and other properties of
the neutrinos have led to many research efforts in nuclear
physics, particle physics, astroparticle physics and cos-
mology. If the upcoming experiments at the CERN LHC
find evidence of large missing energy events beyond the
Standard Model (SM) expectations, this exciting discov-
ery may hold the key to explain the missing mass puzzle
in the Universe, the dark matter. It is thus of fundamen-
tal importance to determine the mass and properties of
this missing particle in LHC experiments, to uncover its
underlying dynamics and to check its consistency with
dark matter expectations.
This task is challenging, however, even with the es-
tablishment of missing energy events at the LHC. In
hadronic collisions, the undetermined longitudinal mo-
tion of the parton-level scattering leads to the ambiguity
of their c.m. frame and thus the partonic c.m. energy.
Furthermore, with a conserved discrete quantum num-
ber (generically called a “parity”) that keeps the lightest
particle in the new sector stable, the missing particles
always come in pairs. The final state kinematics is even
less constrained.
Great efforts have been made to reconstruct the mass
of the missing particle. It is well known that in cascade
decays, the masses of the invisible particles can be ex-
tracted from the maximum end-points of kinematic vari-
ables such as invariant mass distributions of leptons and
jets [1]. Another interesting approach is to determine
these parameters from transverse mass variables that uti-
lize missing transverse energy, such as MT2 for processes
with a pair of missing particles [2]. The end-point of the
MT2 distribution is known to display a kink when the
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FIG. 1: The “antler” decay diagram, a heavy particle (D) to
two visible SM particles (a) and two missing particles (X),
via two on-shell intermediate particles (B).
trial mass for the missing particle is identical to the true
mass [3]. For long cascade decay chains, it is possible to
determine the unknown masses through the event recon-
struction from the mass shell conditions by combining
the information from multiple events [4].
In this paper, we propose an additional method for
the missing particle mass measurements, based on what
we call “kinematic cusps”, non-smooth substructures in
kinematic distributions. Kinematic cusps arise in many
new physics processes. We focus here on a particular
class of processes that we dub as “antler” decays: the
two missing parity-odd particles (X) come along with
two visible SM particles (a), from the decay of a heavy
parity-even particle (D) through intermediate parity-odd
particles (B), as shown in Fig. 1. The advantage of con-
sidering the kinematic cusps and end-points is that once
the parent mass (mD) is known, the masses of the missing
particle (mX) and the intermediate particle (mB) can be
determined by measuring the energy-momenta of the vis-
ible particles without combinatoric complications. Even
though the kinematic cusps can be found in other pro-
cesses, we focus on this case due to its simplicity. Other
2examples will be presented elsewhere [5].1
The antler topology is common in many scenarios with
dark matter particle candidates. Familiar examples can
be found in the following theoretically well-motivated
models:
MSSM [7], H → χ˜02 + χ˜
0
2 → Zχ˜
0
1 + Zχ˜
0
1;
Z ′ SUSY [8], Z ′ → ℓ˜− + ℓ˜+ → ℓ−χ˜01 + ℓ
+χ˜01; (1)
UED [9], Z(2) → L(1) + L(1) → ℓ−γ(1) + ℓ+γ(1);
LHT [10], H → t− + t− → tAH + tAH .
The precondition is that the mass of particle D is known
a priori. This can be achieved since its even-parity al-
lows its decay into two observable SM particles. In this
regard, the antler topology is equally applicable to a lep-
ton collider where the c.m. energy is accurately known.
Among these examples above, the decay of Z ′ in a super-
symmetric theory was studied [8] to measure the missing
particle mass based on the MT2 variable, but the simple
and distinctive cusps proposed here were not explored.
For purposes of illustration, we explore two kinematic
distributions: (i) Maa, the invariant mass of a1 and a2,
and (ii) cosΘ, cosine of the angle between one of the
two visible particles and the pair c.m. moving direction
in their c.m. frame, as shown in Figs. 2 and 3 for var-
ious sets of parameter choice. The distributions have,
in addition to the end points, unique non-smooth struc-
tures, the cusps (their positions are denoted by vertical
lines). While Maa and cosΘ are not the only observables
displaying the cusp structure, these variables are advan-
tageous since they do not involve the missing transverse
energy.
The appearance of the cusp can be understood intu-
itively as follows. We start with the flat distribution
d2Γ/d cos θ1d cos θ2, where θ1 and θ2 are the scattering
angles of two visible particles relative to the parent’s
boost direction in their parent rest frame, and Γ is the
partial decay width of the particleD. Any observable can
be expressed as a function of (θ1, θ2), e.g., Maa(θ1, θ2).
Due to the “antler” decay symmetry, (cos θ1, cos θ2) and
(cos θ2, cos θ1) are kinematically equivalent. With this
identification, the result of projecting onto Maa is a
folded space with three distinctive points or apexes: The
lowest apex (±1,∓1) and the highest apex (1, 1) corre-
spond to the endpoints Mminaa and M
max
aa ; while the third
apex (−1,−1) denotes the position of the cusp, which oc-
curs more frequently than the other two configurations.
Cusps in the antler decay have a number of desirable
features in determining the missing particle mass: (i)
together with end-points, cusps can determine both the
masses of the intermediate particle B and the missing
particle X ; (ii) looking for a cusp is statistically advan-
tageous since it has large (in most cases, maximum) event
1 General mass measurement techniques using such kinematic sin-
gularities have been recently developed [6].
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FIG. 2: Normalized differential decay rates versus the invari-
ant mass Maa for various combinations of masses as given in
Table I. The vertical lines indicate the positions of the cusps
in each Maa distribution.
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FIG. 3: Normalized differential decay rates versus cosΘ in
the D-rest frame (thin curves) and in the pp lab frame with√
s = 14 TeV (thick curves). The parameters of Mass I and
Mass III are given in Table I.
rate; (iii) there is no combinatoric complication due to
its simple decay topology; (iv) spin correlations of the
decay processes do not change the position of the cusps.
In the absence of backgrounds, cusps should be experi-
mentally easy to identify due to their pointed features.
In what follows, we will show that the cusp position pro-
vides important information about the particle masses
in the decay process, which is complementary in many
ways to the previously studied mass measurement meth-
ods. We will also show that this information is largely
retained after the SM backgrounds as well as the detector
simulation are included.
II. CUSP AND EDGE IN Maa DISTRIBUTION
We first only show the phase space distributions for on-
shell particles. It is convenient to use the rapidities: the
rapidity η of particle B and the rapidity ζ of particle a
3mD (GeV) mB (GeV) ma (GeV) mX (GeV)
Mass I 1250 600 0 550
Mass II 1000 440 0 300
Mass III 1000 350 0 200
Mass IV 600 250 mZ 100
TABLE I: Test mass spectrum sets for mass measurements
using kinematic cusp structure (mZ is the Z boson mass).
in the rest frames of their parents D and B, respectively.
The rapidities η and ζ are given by
cosh η =
mD
2mB
≡ cη, cosh ζ =
m2B −m
2
X +m
2
a
2mamB
≡ cζ .
Here and henceforth we use a shorthand notation of cx ≡
coshx. Obtaining the rapidities would be equivalent to
measuring the masses mB and mX .
(1) ma = 0 case: Consider a to be massless first for
simplicity. One would naively expect the invariant mass
to have an end-point Mmaxaa = mD− 2mX . However, due
to the on-shell constraint for the particle B, we find a
different end-point:
Mmaxaa = mB
(
1−
m2X
m2B
)
eη . (2)
In addition, the Maa distribution has a cusp at
M cuspaa = mB
(
1−
m2X
m2B
)
e−η. (3)
This is remarkable since the ratio Mmaxaa /M
cusp
aa = e
2η
is governed by the initial decay D → BB and thus gives
mB. The productM
max
aa M
cusp
aa depends on the secondary
decay B → aX and gives mX . Furthermore, dΓ/dMaa is
dΓ
dMaa
∝


2ηMaa, if 0 ≤Maa ≤M
cusp
aa ;
Maa ln
Mmaxaa
Maa
, if M cuspaa ≤Maa ≤M
max
aa .
(4)
Figure 2 shows dΓ/dMaa for four sets of representa-
tive masses specified in Table I. The choice of the pa-
rameters for Mass I is motivated by the Z(2) decay in
the UED model [9]. Since the two subsequent decays
Z(2) → L(1)L(1) and L(1) → ℓγ(1) occur near the mass
threshold, Mass I is to be called the “near threshold
case”. For comparison, we consider the mass parame-
ters with sizable gap in Mass III, the “large mass gap
case.” The visibility of the cusp depends on the ratio
M cuspaa /M
max
aa . As shown in Eq. (4), the distribution for
Maa < M
cusp
aa is linear, while that after M
cusp
aa is a con-
cave curve with the maximum at Mmaxaa /e. The cusp
becomes a sharper peak if M cuspaa ≥ M
max
aa /e (or equiva-
lently mB > 0.44mD). The parameters in Mass II are
chosen to represent this boundary case ofmB ≈ 0.44mD.
The cusp structure is more pronounced for the near
threshold case (Mass I) than the large mass gap case
(Mass III).
(2) ma 6= 0 case: If the SM particle a is massive (a Z
boson or a top quark), we call it the “massive case”.
The parameter choice in Mass IV, motivated by the
MSSM heavy Higgs boson decay associated with two SM
Z bosons, is an example. In this case, the analytic form
of dΓ/dMaa is given by three pieces (the explicit forms
are not very illuminating and thus not given here). Its
maximum is
Mmaxaa = 2macη+ζ . (5)
The positions ofMminaa andM
cusp
aa are as follows, depend-
ing on the relations of the two rapidities η and ζ:
η < ζ/2 ζ/2 < η < ζ ζ < η
Mminaa 2ma 2ma 2macη−ζ
M cuspaa 2macη−ζ 2macη 2macη
(6)
For all three regions in Eq. (6), the Maa distribution
shows a sharp cusp, as illustrated by the Mass IV case
in Fig. 2. Note that the case ζ < η has different Mminaa ,
rather than 2ma as naively expected. It is due to the
enhanced boost of the two fast-moving parent B’s. This
shift helps to resolve the ambiguity among the three re-
gions. Still a two-fold ambiguity in the η < ζ/2 and
ζ/2 < η < ζ regions remains since we do not know
whether the measured M cuspaa is 2macη−ζ or 2macη.
We propose another independent observable to break
this ambiguity, (∆|paT |)max, which is the maximum of the
difference between the magnitudes of the two transverse
momenta of a1 and a2:
(∆|paT |)max ≡ max (|~p
a1
T | − |~p
a2
T |) (7)
= ma [sinh(η + ζ)− sinh |η − ζ|] ,
which is invariant under longitudinal boosts. Note that
the two-fold ambiguity happens when η < ζ. With the
observedMmaxaa andM
min
aa , (∆|p
a
T |)max provides indepen-
dent information.
III. CUSP IN ANGULAR DISTRIBUTION
We also have analyzed the distribution with respect
to cosΘ, where Θ is the angle of a visible particle, say
a1, in the c.m. frame of a1 and a2, with respect to their
c.m. moving direction. The expression of dΓ/d cosΘ in
the D-rest frame for ma = 0 is remarkably simple:
dΓ
d cosΘ
∝
{
sin−3Θ, if | cosΘ| ≤ tanh η,
0, otherwise.
(8)
The distribution has a sharp end-point, another cusp,
with the highest event rate at the boundary:
|cosΘ|max = tanh η =
√
1− 4m2B/m
2
D . (9)
4While this variable is unambiguous in the lab frame at a
lepton collider, we cannot determine the longitudinal mo-
tion of the particle D in a hadron collider. After convo-
luting with the parton distribution functions, dΓ/d cosΘ
is smeared. In Fig. 3, we compare the cosΘ distribution
in the rest frame of D (thin curves) with that in the lab
frame at the LHC (thick curves) for the near threshold
case (Mass I) and the large mass gap case (Mass III).
We have assumed that D is produced by direct s-channel
gg or qq¯ annihilation so that the longitudinal momentum
distribution ofD is obtained from the parton distribution
of the incident protons.
The convolution effects with the partons smear out the
sharp cosΘ cusp in the lab frame. For the near threshold
case (Mass I), the two sharp rises at both ends get much
less pronounced, although it is still possible to read the
edge point off in the distribution. For the large mass gap
case (Mass III), as the end point position approaches
towards cosΘ = ±1, the sharpness of two cusps main-
tains better. It is interesting to note that the cusp in
the Maa distribution and that in the cosΘ distribution
provide complementary information for determining mB.
The invariant mass distribution yields a better resolution
for the near threshold case, while the angular distribution
provides better one for the large mass gap case.
To some extent, the cosΘ distribution in the D-rest
frame may be obtained even in hadron collisions. The
smearing effects can be effectively modeled by the well-
known parton distribution functions in the large x region.
Or the direct resonant decay ofD into SM particles allows
to extract the velocity distribution of D, which can be
used to recover dΓ/d cosΘ in the D-rest frame.
IV. DISCUSSION
To this point, the discussions on the kinematic cusps
are rather theoretical, i.e., considering only the kinemat-
ics at parton level with perfect mass shell conditions, and
ignoring the SM backgrounds as well as the detector sim-
ulation. First we consider the effects of the matrix ele-
ments regarding the spin correlations between the initial
state and final state particles. We have confirmed that,
for the four processes in Eq. (1), including the full matrix
elements does not change the shape of the distributions.
The deviations from the phase space predictions become
appreciable when the fermions and vector bosons (like the
Z(2) in UED) have chiral couplings for both D → BB
and B → aX decays. Even in this extreme case, the
cusped peak remains at the same location and its height
is changed by about 2%.
However, non-vanishing decay widths of the parent and
intermediate particles can alter the shape of the distribu-
tions. In Fig. 4, we show the Maa distributions for differ-
ent finite decay widths ΓB and ΓD in the Mass I spec-
trum. Finite ΓD has much milder effect than ΓB. With
ΓB/mB = 3%, the finite decay width effect changes the
distribution shape and the position of Mmaxaa , while es-
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FIG. 4: The invariant mass distribution for the Mass I case:
mD = 1250GeV, mB = 600GeV, with the finite decay
widths ΓD/mD = 3% (dotted), and ΓB/mB = 3%, 50% (long
dashed and short dashed) respectively.
sentially keeping the M cuspaa position. For illustration, we
also show a very broad case ΓB/mB = 50%. This nearly
off-shell situation smears the triangular cusp shape con-
siderably. The momenta of the visible particles span all of
the allowed phase space given by mD and mX , regardless
of mB . The maximum of Maa approaches mD − 2mX ,
denoted by the arrow in Fig. 4. The end point measure-
ment with the known mD leads to the missing particle
mass mX , just like the direct neutrino mass determina-
tion in tritium decays. In the real scenarios listed in
Eq. (1), the intermediate particles (χ˜02, ℓ˜
±, L(1) and t−)
typically have decay widths smaller than one percent of
their masses. The Maa cusp shape remains intact.
We next explore to what extent the SM backgrounds
and detector effects at the LHC would degrade the sharp
cusps. We consider a benchmark scenario in a SUSY
model with an extra U(1) gauge boson Z ′. In a mini-
mal model where there is no mixing between Z ′ and the
SM gauge bosons, the only relevant interactions of Z ′ are
with the SM fermions and their SUSY partners, through
the interaction Lagrangian L ⊃ g′1Yf f¯γ
µfZ ′µ. Our sig-
nal process is Z ′ → ℓ˜−ℓ˜+ → ℓ−χ˜01ℓ
+χ˜01 with the mass
parameters
(mZ′ ,mℓ˜,mχ01) = (1500, 730, 100) GeV. (10)
To manifest our signal, we take an optimistic scenario
where g′1 = 0.63, Yquark = Ylepton/2 = 1, and all the
sfermions except for e˜±L,R and µ˜
±
L,R are heavier than
mZ′/2.
The signal is two leptons with missing transverse
energy. The leading irreducible SM backgrounds are
W+W−/ZZ → ℓ+ℓ−νν¯. The tt¯ backgrounds decaying
into bb¯ℓ+ℓ−νν¯ can be dominant if not imposing very
strong acceptance cuts. The SUSY backgrounds in this
scenario are expected to be small: (i) the slepton pair
production followed by the decay of ℓ˜± → ℓ±χ˜01 is sup-
pressed by the P -wave suppression and the heavy slep-
ton mass, leading to the total cross section of ∼ 0.7 fb
5for the mass parameters in Eq.(10); (ii) another SUSY
background of pp→ χ˜+χ˜− → ℓ+ν˜ℓ−ν˜ is extremely small
because mν˜ ≫ mχ˜±
1
in this scenario; (iii) finally the rate
of pp → χ˜+χ˜− → W+W−χ˜01χ˜
0
1 followed by the leptonic
decay ofW± is also suppressed in the Bino LSP scenario.
Therefore we ignore the SUSY background in what fol-
lows.
To suppress the SM top quark background, we veto
the additional hard jets in the kinematic region
Ej >


50 GeV if 3 < |ηj | < 5,
25 GeV if |ηj | < 3,
(11)
where ηj is the jet pseudo-rapidity. We have used
MadGraph/MadEvent/PYTHIA [12] for the event genera-
tion and PGS [13] for detector simulation.
In Fig. 5, we show the lepton invariant mass distri-
bution of the Z ′ antler decay signal over the SM back-
grounds through WW , WZ, ZZ and tt¯ processes at
the LHC with c.m. energy 14 TeV and luminosity 100
fb−1. The upper histogram with statistical error bars
presents the signal plus backgrounds for /ET > 50 GeV,
and the dotted line is the SM background only. The SM
background (especially tt¯ ones) can still be substantial
and comparable to the signal, although the cusp feature
and position can be clearly visible over the continuous
background. The shaded histogram shows the signal for
/ET > 200 GeV, and the SM background is essentially in-
visible with this stringent missing energy cut. Although
the signal can be made way above the SM background
with the characteristic solitary triangular shape, the se-
vere missing /ET cut alters the position of endpoint and
smears the shape of the cusped peak. This is because
the singly-produced heavy Z ′ has little transverse mo-
tion, and the two missing particles are back-to-back for
the cusp and the end-point configurations, corresponding
to low /ET situation. Some optimal treatment is needed
with respect to the selective kinematic cuts in order to
effectively extract the missing particle mass.
Once the signal is established with various cuts, we an-
alyze the events with the low /ET cut (which faithfully re-
spect the original cusp kinematics), and apply the known
theoretical function in Eq. (4). The best fit to the data
curve leads to the reconstructed mass parameters as
mrecon
ℓ˜
= 731.7+2.1
−5.2 GeV,
mreconχ0
1
= 142.0+24.1
−39.7 GeV.
While the ℓ˜ mass is determined with an impressive ac-
curacy, better than a per-cent, the neutralino mass is
significantly shifted, with about a 50% error. This un-
certainty once again is mainly due to the distortion from
/ET cut.
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FIG. 5: Event distribution of the di-lepton invariant mass
for the signal Z′ → ℓ˜+ℓ˜− → ℓ+ℓ−χ01χ01 as well as the SM
backgrounds at the 14 TeV LHC and 100 fb−1. The upper
histogram with statistical error bars: signal plus background
with /ET > 50 GeV; the dotted curve for SM background
only with /ET > 50 GeV. Shaded histogram: signal with
/ET > 200 GeV. Mass parameters are given in Eq. (10).
V. CONCLUSIONS
New techniques to measure the missing particle mass
at the LHC are proposed based on an antler decay topol-
ogy (D → BB → aXaX), with a final state of two visible
particles a and two missing particles X via intermediate
particlesB. We found a new type of kinematical singular-
ity structure, the cusps in the invariant mass distribution
of two visible particles and an angular distribution. Its
pure kinematical origin renders its cusp position and the
distribution shape nearly intact under the influence of the
dynamical matrix elements. Along with the end points
of the distributions, the cusps can determine the missing
particle mass as well as the intermediate particle mass.
We demonstrated in a realistic example including the SM
background analysis and detector simulations that the
signal is observable and the masses can be determined to
a reasonable accuracy.
Our proposal relies on the observation of the antler
decay, which are motivated in many new physics mod-
els. If such processes are seen in colliders, this method
will provide a new way for mass measurement. We be-
lieve that this technique will be invaluable for searches
for new physics at the LHC and future lepton colliders,
as well as in any other processes with similar kinemat-
ics. The missing mass determination at colliders would
undoubtedly shed light on the direct and indirect dark
matter searches.
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